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Using elementary techniques structure maps are calculated for each of the irreducible complex 
representations of G = SU(2, C). For each odd dimensional irreducible complex representation 
Q : G + GL(n, C), the structure map obtained is used to calculate a change of basis matrix that 
simultaneously conjugates each element of the complex matrix group Q(G) into a matrix having 
only real entries. Further, these structure maps are used to prove: for G= SU(2, C), if n is odd 
or is divisible by 4 then up to equivalence there is exactly one irreducible finite-dimensional real 
representation of dimension n, and there are none of degree divisible by 2 but not by 4. 
Introduction 
The real irreducible, finite-dimensional representations of an arbitrary compact 
topological group G are characterized in Brocker [l] by associating each irreducible 
real representation of G to an appropriate complex one. The pairing is achieved via 
the use of certain types of ‘structure maps’ on the complex representation space I/ 
of G. 
One important case is the group SU(2, C). As the lowest dimensional non-abelian 
compact Lie group it provides a model for the study of higher-dimensional compact 
Lie groups. It is also important in its own right: there is a homomorphism of 
SU(2, C) onto SO(3, R), the group of rotations in 3-dimensional real Euclidean 
space, with kernel consisting of the identity and minus the identity. Consequently 
the representations of SU(2, C) are used to study physical laws which are invariant 
under rotation. 
For the group SU(2,C) all of the irreducible complex representations are quite 
well known, and if one also knows the structure maps, the characterization in [l] 
can be used to describe explicitly all of the irreducible real representations of 
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SU(2,C) in terms of the known complex ones. In this paper we use elementary 
techniques to calculate specific structure maps for each of the irreducible complex 
representations of G = SU(2, C). For each odd dimensional irreducible complex 
representation ,Q : G + GL(n, C), the structure map obtained will be used to calculate 
a change of basis matrix that simultaneously conjugates each element of the com- 
plex matrix group Q(G) into a matrix having only real entries. 
In fact, our search for these structure maps began with the well known example 
of an irreducible 3-dimensional representation Q : SU(2, C) + GL(3, C), where we 
know a matrix which conjugates e(SU(2,C)) into GL(3, fR) [see Example 141. 
Although the structure maps and conjugating matrices may be known for SU(2, C), 
we have been unable to find an explicit calculation in the literature. 
The first part of this paper is primarily a summary of known results about com- 
plex representations of SU(2,C). We use this information to calculate structure 
maps for complex irreducible representations of SU(2, C) of every dimension. The 
calculation shows the following: 
Theorem 1. If Q: SU(2, C) -+ GL(n,C) is an irreducible complex representation, 
there exists a structure map j. If n is odd, j is a real structure. If n is even, j is a 
quaternionic structure. 
The structure maps will be used to show that each irreducible complex odd dimen- 
sional representation of SU(2,C) is ‘equivalent’ to a real one. 
Next we summarize some facts about the complexification and realification of 
representations and how they decompose into irreducible components. Using these 
facts we prove the following: 
Theorem 13. For G = SU(2, C), if n is odd or is divisible by 4, then up to equivalence 
there is exactly one irreducible finite-dimensional real representation of dimension 
n, and there are none of degree divisible by 2 but not by 4. 
Preliminaries 
Throughout the paper all representations are assumed to be finite-dimensional. 
Complex representations of SU(2, C) 
The group G = SU(2, C) consists of all 2 x 2 complex matrices X with determinant 
1 which have the property that X. 8’ is the identity matrix. It is a compact topo- 
logical group. All of the irreducible complex representations of G can be constructed 
as follows: 
For each n, there is up to equivalence exactly one continuous irreducible represen- 
tation of G into GL(n, C). The representation of dimension n + 1 can be given as 
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a map of the complex vector space of homogeneous polynomials in two unknowns 
of degree n in the following way. 
A matrix g in SU(2, C) may be written as 
g= a p ( > -p a ’ 
where a, p are in C and Ial’+ lpi’= 1. 
Let V, =C and define @i by el(g)= 1 for every g in G. (This is the trivial 
representation.) 
For nzl, let Vn+, be the n + l-dimensional complex vector space of homo- 
geneous complex polynomials in two variables X and Y, of weight II. Take as basis 
the polynomials X”, X’-‘Y, . . ..XY”-‘. Y”. Let gX=aX-BY, and gY=pX+@Y. 
Note that gX and gY are obtained by the matrix multiplication (X, Y)g. 
If g is in SU(2, C) and P is a polynomial in V,, 1 define Q,, + , by 
gP(X Y) = e,+l(g)P(X, Y) =P[(gx,gY)l = P(aX-PY,Dx+aY). 
Then when V,, 1 is identified to C=” + I, Q,, 1 is a map taking G into GL(n + 1, C), 
and a continuous homomorphism. It is well known that up to equivalence, for each 
n, Q, is the only irreducible complex representation of SU(2,C). 
Structure maps 
Let V=C”, and let Q: G-+GL(n, C) be a continuous homomorphism. Then 
j : V-t V is a real structure on V with respect to Q if the following conditions hold: 
(i) j is conjugate-linear, i.e. j(au + bw) = aj(u) + bj(w) for all a, b in C, and u, w 
in V, 
(ii) j commutes with Q, i.e. gj(u) =j(go) for all u in V, g in G, where go denotes 
e(g)(u), 
(iii) j*= 1. 
If a map j: I/+ V exists such that (i) and (ii) above are satisfied, but j2= -1 
replaces (iii), then j is called a quaternionic structure on V with respect to Q. 
Proposition 2. If two representations of a topological group G are equivalent, one 
of them has a real (quaternionic) structure map if and only if the other does. 
Proof. Let Q and Q’ be representations of G into GL(V), and A an invertible linear 
map from V to V such that AQ =@A. Let j be a structure map for Q with j* = E, 
where E = + 1 or - 1. Then j’=A-‘jA is a structure map for Q’, with j’2 = e: 
First, j’ is conjugate linear: j’(ax+ by) =K’jA(ax+ by) =A-lj(aAx+ bAy) = 
K1(aj’Ax+bj’Ay)=aK1jAx+bK1jAy. 
Second, j’commutes with Q’: (A-‘jA)e’=(A-‘jA)(A-‘@A)=A-‘jeA=A~’@j~= 
(K’@A)(APjA) =@(K’j/l). 
Finally, j ‘2 - -E, since (K’jA)(K’jA) =A-‘j2A =c. 0 
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Proposition 3. For every representation Q, of SU(2, C) on V,, there exists a 
structure map j. If n is even, j is a real structure. If n is odd, j is a quaternionic 
structure. 
Proof. (A) We first construct a j for V,. The map must be conjugate-linear and 
commute with Q. The space V, has a basis [X, Y]. Let j(X) = aX+ b Y, and j(Y)= 
cX+ dY. Then 
gj(X) = g(aX+bY) = a(aX-flY)+b(PX+dY) = (acr+bB)X+(bb-a&Y, 
jg(X) = j(oX-BY) = a(aX+bY)-P(cX+dY)=(aa-cfl)X+(ba-dP)Y. 
Equating coefficients, we have a= d =0 (because equality of the Y coefficients im- 
plies ap= d/3 for all /3 with 1 p /* = 1, so a = d and a = -d). Then the equality of the 
X coefficients implies that b= -c, so j(X) =bY and j(Y)= -bX. We also 
have gj(Y)=g(-bX)=-baX+b/3Y, and jg(Y)=j(/3X+aY)=Pj(X)+aj(Y)= 
bpY- b0X. Extend j to all of V, by conjugate-linearity. Then j commutes with Q 
on all of V,. 
This shows that any structure map j on V2 must satisfy j(X)=bY and j(Y)= 
-bX for some complex number 6. Now j*(X) = j(bY) = -bbX, and j*(Y) = -5bY. 
Since bb is real and non-negative, there are no values of b for which j is a real struc- 
ture. On the other hand, any number b on the unit circle gives us a quaternionic 
structure. 
(B) Using our structure map j on V,, we can generate a j for each V, + I. Define 
j on V,, 1 by jP(X, Y) = P( jX, jr), where P is P with conjugate coefficients. Then, 
again letting e(g)(u) = gu we have: 
(1) j commutes with Q: 
gjP(X, Y) = gP(jX, jY) = P(gjX,gjY) by definition of Q. 
= P(jgX, jgY) 
(2) j*=-tl: 
=jP(gX, gY) =jgP(X Y), 
j*P(X, Y) = jP(jX, jY) = P(j(bY), j(-bX)) 
= P(-66X, -bbY) = (-l)“(bb)“P(X, Y) 
= (-l)“P(X, Y). 
Therefore j is a structure map. Note that j(XkY”-k)=(-l)“-kb”X”~kYk, with 
1 bl = 1. The map j is a real structure when V, + I is odd-dimensional and a quater- 
nionic structure when V,, 1 is even-dimensional. 0 
Proof of Theorem 1. Since every complex irreducible representation of SU(2, C) 
is equivalent to one of the ,Q,‘s, the theorem now follows from Propositions 2 and 
3. 0 
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Corollary. If Q is an irreducible complex representation of a compact topological 
group G on a vector space V, then V cannot have both a real and a quaternionic 
structure with respect to the action of Q. 
Proof. (See [l, Proposition 6.51 for a different proof.) Suppose there are maps A 
and B on I/ which are (respectively) real and quaternionic structure maps. Then AB 
is an invertible linear map on V,, 1 , since AB(cu) =A(cBo) = CAB(~). Further, AB 
commutes with .Q, since both A and B do. Since I/ is irreducible, Schur’s Lemma 
tells us that AB is a constant times the identity, so A =cB-’ for some complex 
number c#O. Now A2=1, so c2B-*=l. But B2=-1, so c=+i. 
Suppose A = iB_i. Then for d in C and w in V, we have dw =A2(dw) = 
A(dA(w))=A(d(iB-‘(w)))=d(-i)AB-‘(w) =d(-i)iBp2(w)= -dw, which is a con- 
tradiction. A similar calculation shows that A = -iB-’ is also impossible. 0 
Remark 4. For G = SU(2, C), the corollary above and Theorem 1 tell us that each 
odd-dimensional irreducible representation possesses only real structures and each 
even-dimensional irreducible representation possesses only quaternionic structures. 
Definition. For a topological group G, a continuous homomorphism 
Q : G + GL(n, C) is said to be of real type if there exists a basis of 6” with respect 
to which all the entries of each matrix e(g), for g in G, are real. 
Proposition 5. Let G be a topological group. If a continuous homomorphism 
Q : G--f GL(n, C) has a real structure map, then it is of real type. 
Proof. Let I/= C”, and let j : I/-+ I/ be a real structure map for I/ with respect to 
Q. The map j has two eigenvalues, +l and - 1. Let W be the + 1 eigenspace for j, 
i.e., W= {o 1 u in Vandj(o) = u}. Multiplication by i = 1/-1 is an isomorphism from 
W onto the - 1 eigenspace of j, so V= W+ i W, a direct sum over fR. 
Since j commutes with Q, for w in W we have jg(w) = gj(w) = g(w). Therefore g(w) 
is in W, so W is G-invariant as well as j-invariant. The subspace i W is also G- 
invariant. The map j is conjugate-linear over C, and thus linear over R, making W 
a real G-invariant vector space. 
If S={w,,..., w,} is a basis for W over IR then S is a basis for I/ over @. With 
respect o this basis the matrix of e(g) has all real entries, since the real vector space 
with basis S is G-invariant. 0 
Corollary. If q is an irreducible complex representation of G = SU(2, C) on an odd- 
dimensional vector space V, then there is a real subspace W of V invariant by Q, 
and the restriction of Q gives an irreducible representation @‘I of G on W. 
Proof. Given a representation Q on an odd-dimensional space V, the proof of 
Proposition 5 shows that V= W+i W, where W is the +l eigenspace of any real 
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structurej on V, and provides us with a representation @+I, the restriction of Q to 
W. Suppose Q+’ is not irreducible. Then W has a proper subspace W’ which is in- 
variant under Q+‘, and I/‘= W’+ iW’ is a proper @-invariant complex subspace of 
V, which is a contradiction. 0 
Complexification 
A real n-dimensional representation Q of a group G generates a complex represen- 
tation in the following way. Let I/ be the space of the representation, and let {Vi} 
be a basis for I/. Let V, = C OR I/. Then V, is n-dimensional over @, with basis 
{ 1 @ I’;}, and there is a complex representation of G on Vc, defined by setting 
Qc(g)(l @ u) = 1 @ @(g)(o) on the basis and extending by linearity. The space V, 
always has a real structure map, defined byj(1 0 u) = 1 0 u on the basis, and extend- 
ed by conjugate-linearity to all of Vc. 
Remark 6. The complex representation ea: is irreducible if and only if the dimen- 
sion of I/ is odd. If I/ is even-dimensional, the representation decomposes into the 
direct sum of two equivalent irreducible representations [l, Proposition 6.6, p. 991. 
Realification 
A representation Q of a group G on an n-dimensional vector space V can be 
thought of as a 2n-dimensional real representation eR of G in the following way. 
Each vector u in C” can be written uniquely as u = u + iw, where o and w are vec- 
tors in IR”. A map e(g) sends u to u’= U’S iw’, and so sends (u, w) to (u’, w’) in 
IR” x R” = IRZ”, and is R-linear. 
Remark 7. The real representation Q~ is irreducible if and only if the dimension of 
I/ is even [l, Proposition 6.6, p. 991. 
We can now give the general characterization of the real irreducible representa- 
tions of a compact group G. Let GR, Gc, and GIH be subsets of the irreducible real 
representations of G defined as follows: 
If D is an irreducible real representation of G, then: 
(i) 17 belongs to GR if and only if Z7o is an irreducible complex representation 
of G and no possesses a real structure map, 
(ii) 17 belongs to Gc if and only if 17= eR for some irreducible complex repre- 
sentation Q of G, where Q does not possess any structure maps, 
(iii) I7 belongs to G,H if and only if Z7=em for some irreducible complex repre- 
sentation Q of G, where Q possesses a quaternionic structure. 
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Remark 8. By Remark 4 the sets GIR, CC:, and G,+ are disjoint. 
Theorem 9 (Brdcker and tom Dieck [l]). The set of ail irreducible real representa- 
tions of a compact group G is the disjoint union of the sets CR, Cc:, and GIH . 0 
Remark 10. In the case when G = SU(2, C), Theorem 1 and its corollary imply that: 
(i)’ GIR= {Q” 1 Q . 1s an odd-dimensional complex representation of G}, 
(ii)’ Cc is the empty set, 
(iii)’ Gir = {elm 1 e is an even-dimensional complex representation of G}. 
Proposition 11. If two real irreducible representations of SU(2, UZ) have the same 
dimension, then they are equivalent. 
Proof. Suppose there are two irreducible real representations Q; of G, on V,, 
i= 1,2, each of dimension n. Let Q,~ be the corresponding complex representation 
on Vj,=C @R Vi. 
Claim. ela, is equivalent to ezc. If n is odd, eia: is irreducible, so elc is equiv- 
alent to eza:. If n is even, the representation on Vi, decomposes into two equivalent 
irreducible representations, each of dimension n/2 over C. Therefore the representa- 
tions on the W,i are all equivalent, and so are the e;c. 
Now Vj,=(l@ Vi) + (i@ V,), where 10 Vi and i@ V, are real irreducible sub- 
spaces. Furthermore, eic restricted to 10 Vi is equivalent to eia: restricted to i 0 V;, 
since multiplication by i is a linear invertible map which commutes with Qic . Since 
the eic are equivalent and decompose into the direct sum of equivalent real repre- 
sentations, the subrepresentations must be equivalent, so elc on I/,, is equivalent 
to e20 on V2c, and therefore el on Vi is equivalent to e7 on V2. 0 
We conclude from Proposition 11 and the Remarks the following theorem: 
Theorem 12. Up to equivalence, the set of all irreducible real representations 
of G= SU(2, a=) is equal to the disjoint union of the sets {(e,,)” / n odd} and 
{(e,)~ I n even>. 0 
Finally, we have the following theorem: 
Theorem 13. For G = SU(2, C), if n is odd or is divisible by 4, then up to equivalence 
there is exactly one irreducible finite-dimensional real representation of dimension 
n, and there are none of degree divisible by 2 but not by 4. 
Proof. Theorem 12 lists all of the irreducible real representations of SU(2, C). There 
is one for each odd dimension n, since (Q,)” has dimension n (over R). There is 
one for each dimension divisible by 4, but none for dimension n where n is con- 
gruent to 2 mod 4, since if n = 2m, (Q,>~ is an irreducible real representation of 
dimension 4m (over E?). 0 
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Explicit computation of the conjugating matrices 
Proposition 2 and Theorem 9 tell us that for each V,,, with n+ 1 odd, all 
the matrices of e,, t(g) will be real when they are written with respect to a 
basis of eigenvectors of j which have the eigenvalue + 1. Recall that j(Xk Ynek) = 
(-l)“-kb”X”-kYk, with 1 bl = 1. Take b = 1. Note that n-k is even exactly when k 
is even. Therefore if k is even, vectors of the form XkY”-k+X”pkYk and 
i(Xk Ynek-Xnmk Yk) are eigenvectors of j for the eigenvalue +l, where i = 1/-1. 
On the other hand if k is odd, vectors of the form XkYnpk -Xflpk Yk and 
i(Xk Ynek+Xnmk Yk) are eigenvectors of j for the eigenvalue + 1. From this collec- 
tion we may choose n + 1 vectors which are linearly independent over 6. For exam- 
ple, for n + 1 = 5 we can take X4 + Y4, X3Y-XY3, i(X4- Y4), i(X3Y+XY3), 
and 2X2Y2. 
Example 14. For 
in SU(2, C) and {X2, XY, Y2} the basis of V,, the representation e3 described above 
has the form 
I 
(x2 ap p= 
e,(g) = Q = -2cup aa-pp 2@ . 
-2 
P -ap a2 1 
A real structure map for e3 is defined by j(X2) = Y2, j(XY) = -XY, j( Y2) =X2. 
Choosing a basis as above, the subspace of V, consisting of eigenvectors for j 
with eigenvalue + 1 is W= real span{X’+ Y2, iXY, i( Y2 - X2)}. With respect to this 
basis of eigenvectors, 
i 
+(a2 + e2 + p2 + p=> -i(@-- Czp) +(&(=+p=+p=) 
AQA-I = i(a/3 - 0$) aa-@ I$?+@ 
-3(&@=+p2_p2) -(c$+ a/?) -3(a=+&p2_P=) 1 
where 
A= I -i0 1 0 i 0 1- i_ 
is the change of basis matrix taking the basis {X2,XY, Y2} to the basis 
{X2+ Y2, iXY, i(Y2 -X2)}. The entries of the new matrix are invariant under 
complex conjugation, and therefore real. 
Example 15. The 4-dimensional real representation of SU(2, C) can be obtained 
by calculating (Q~>~, i.e., by considering e=(g) as an action on IR4, where 
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(xi + ixZ, y1 + iy,) . g = (xi + ix;, y; + iy;). However, there is another well-known ap- 
proach which leads to the same result. We give it in the interest of showing the even- 
dimensional example that motivated the use of a quaternionic structure. This exam- 
ple was also used by Moskowitz [2] to give an elementary derivation of a form of 
the Haar integral for the groups SO(3, R) and SU(2, C). 
Let (Y = a, + ia,, p = b, + ibz, and define a map r : SU(2, C) + IH, where IH is the 
quaternions, by 
r(g) = r 
a P ( > -p d = (aI + iaz) + (b, + ib,)j 
where j is the quaternion j. Then the image of SU(2,C) is the subgroup of quater- 
nions of norm 1, the unit sphere in IH. The multiplication in SU (2, C) and IH are con- 
sistent, so r is a homomorphism. 
The quaternions of norm 1 act on IH by right multiplication. If IH is identified with 
R4 by the correspondence a + bi + cj + dk- (0, b, c, d), r(g) can be considered an ele- 
ment of GL(4, R), and we have a 4-dimensional real representation of SU(2, C). 
Since groups are transitive on themselves, r(G) acts transitively on the unit sphere 
in IH, and so the representation is irreducible. 
Notice that left multiplication by j is a linear map with j2 = - 1 which commutes 
with right multiplication in IH, so the complexification of the representation has a 
quaternionic structure map J defined by J(c @ u) = c 0 (j * u), where c is in C and 
u is in IH. 
Also notice that we may write H= Vr + V,j, where the Vi are real 2-dimensional 
vector spaces, and that multiplication by j interchanges V, and V,. This behavior 
plays an important role in the decomposition of representations. For more details, 
see [I]. 
Let h = a, + ia + jb, + kb2. Then 
1.h=a,+ia,+jb,+kb2, 
i.h = -a2+ia,-jb,+kb,, 
j.h = -bl+ibz+ja,-ka2, 
k.h = --62-ib,+ja2+ka,, 
and the representation of SU(2, C) on fR4 is given by 
-Z: a2 h 62 al b2 h 
-4 b2 al a2 
-b2 4 a2 al 
where a=al + ia2, /3= bI + ib2. This is the same matrix that is obtained by calculating 
k?2hR. 
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